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This paper investigates the six-degree-of-freedom (6-DoF) entry guidance problem for
the Human Mars exploration mission. For the Human-scale entry, powered descent, and
landing mission, it is required to use aerodynamic forces to decelerate the vehicle during
the entry phase. Instead of assuming the entry vehicle as a point mass, we consider both
the translational and rotational dynamics. Specifically, the 6-DoF rigid body kinematics and
dynamics of the entry vehicle are represented by unit dual quaternions, which reduces the
non-linearity of dynamic equations comparing with the Euler angle based dynamical model.
Moreover, the equivalence between the dual quaternion based and Euler angle based models
is analyzed. Then, the optimal entry guidance problem is formulated to minimize the terminal
speed subject to the dual quaternion based dynamics, operational and mission constraints,
including heating rate and the normal load of the entry vehicle. By using a discretization
technique and polynomial approximation, the optimal entry guidance problem is reformulated
into a nonconvex quadratically constrained quadratic program (QCQP) problem, which is
solved via a customized alternating direction method of multipliers (ADMM). The accuracy
of the dual quaternion based model and the computational efficiency of the ADMM algorithm
are verified via numerical simulations.

I. Introduction
Atmosphere entry guidance refers to the process of generating guidance commands for the hypersonic spacecraft

to safely and precisely guide the vehicle from the initial state to the designed final state [1]. Due to the large and
exponential variation of Mars atmosphere density, and the lack of translational controls on the vehicle, the entry guidance
is recognized as a challenging task [2]. In the human Mars mission, the entry vehicle is at least ten times heavier than
the one in past robotic missions [3], which makes the entry guidance even more challenging.

Extensive research has been conducted to solve the entry guidance problem. For example, work in [4] has shown
that the optimal aerocapture trajectory, in general, has a bang-bang control structure, and a two-phase numerical
predictor-corrector guidance algorithm has been developed. Moreover, [5] extends the predictor-corrector algorithm to a
unified method that is applicable to a wide range of entry vehicles with varying lift-drag capabilities. The second-order
cone programming algorithm has been applied to generate optimal paths in the entry phase [6]. Our recent work in [7]
investigated the integrated entry and the powered descent guidance problem by planning the entire mission as a whole.
Another work in [8] compared the performance of the Mars entry guidance results using bank angle control and direct
force control, where the direct force control method has verified advantage in terms of eliminating the open-loop flight
errors.
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§Postdoctoral Research Fellow , Department of Electrical and Computer Engineering. nameisjing@gmail.com
¶Subsystem Manager, Flight Mechanics and Trajectory Design Branch, 2001 NASA Parkway - EG5; AIAA Member.

1



Most existing work related to entry guidance considers three-degree-of-freedom (3-DoF) dynamics. The entry
vehicle can only adjust its attitude such that the aerodynamic forces can be appropriately utilized to control the speed and
orientation of the vehicle during the entry phase. Although adaptive controllers have been adopted to control attitude of
the entry vehicle to minimize the trajectory tracking errors, they have decoupled the translation trajectory optimization
and vehicle attitude control as two problems [2, 9]. However, due to the 6-DoF aerodynamic effects, it is essential to
consider the translation and rotation motion simultaneously in an entry guidance problem. The equations of motion
of the entry vehicle are described using Euler angles in existing literature [1, 6, 10–13]. The trigonometric functions
involved in the motion dynamics generally lead to highly nonlinear representations. As a result, it is computationally
complicated to obtain an optimal/sub-optimal guidance solution with high-precision within a limited time.

This paper considers both translational and rotational motion for guidance of a human-scale entry vehicle. Moreover,
to avoid the high non-linearity from Euler angle based models, the 6-DoF rigid body kinematics and dynamics of
the entry vehicle are represented by dual quaternions. The equations of motion based on dual quaternions also
provide a globally nonsingular representation of the rotation for a rigid body [14, 15]. To our best knowledge, it is
the first time the equations of motion of the entry vehicle is modeled using dual quaternions. By combining the dual
quaternion based entry dynamics with mission and operational constraints, the entry guidance problem is formulated
as an optimal control problem to minimize the final speed within a specified altitude range. To solve the resulting
optimal control problem, we firstly approximate all non-polynomial functions, e.g., the atmosphere density model, by
continuous or piecewise continuous polynomials. Then, via discretization techniques, the optimal control problem
is reformulated as a polynomial programming problem. Due to the fact that a polynomial program can be expressed
as an equivalent nonconvex quadratically constrained quadratic programming (QCQP) problem by introducing new
variables and quadratic constraints, we eventually represent the entry guidance problem using a unified formulation,
named general/nonconvex QCQP. A customized alternating direction method of multipliers (ADMM) developed in [7]
is applied to solve the formulated QCQP. The customized ADMM significantly reduces computational efforts required
to solve every iterative subproblem, which is applicable to this large-scale optimal control problem. To verify the
effectiveness of the dual quaternion based entry guidance model and efficiency of the customized ADMM algorithm,
simulation examples with comparative results from Euler angle based model and nonlinear programming (NLP) solvers
are provided at the end.

The rest of the paper is organized as follows. §II introduces the formulation of the entry guidance problem based
on dual quaternion. §III presents the equivalence analysis of dual quaternion and Euler angle based models. §IV
briefly describes conversion from the optimal control into a homogeneous QCQP, and the framework of the customized
ADMM to search for the optimal solution of general/nonconvex QCQPs. §V provides simulation results. Conclusions
are addressed in §VI.

II. Problem Formulation

A. Introduction of Dual Quaternion
A quaternion q̂ is represented by a scalar q0 and a vector q = [q1,q2,q3]

T , namely,

q̂ = q0 + q ∈ H, (1)

where H denotes the set of quaternions. The quaternion can be viewed as a 4-tuple (q0,q1,q2,q3). Quaternions whose
real part is zero are called pure quaternions, and a quaternion is called a unit quaternion if its norm is 1. Unit quaternions
are usually used to describe orientations and rotations of an object in three dimensions [16].

Dual quaternion is an extension of quaternion to efficiently express both rotation and translation between two
coordinate frames [17]. A dual quaternion σ̃ has the form

σ̃ = p̂ + ε q̂ ∈ Q, (2)

where ε is the dual unit which has the property ε2 = 0, Q denotes the set of dual quaternions, and p̂, q̂ ∈ H are given as
p̂ = p0 + p and q̂ = q0 + q, respectively. We can also view σ̃ as an 8-tuple: (p0, p1, p2, p3,q0,q1,q2,q3).

Let’s define σ̃1 and σ̃2 to be two dual quaternions, written as

σ̃1 = p̂1 + ε q̂1, σ̃2 = p̂2 + ε q̂2. (3)

2



Then we have the dual quaternion operations below

Scaler multiplication: sσ̃1 = sp̂1 + ε(sq̂1) (4a)
Addition: σ̃1 + σ̃2 = p̂1 + p̂2 + ε(q̂1 + q̂2) (4b)

Multiplication: σ̃1 ⊗ σ̃2 = p̂1 ⊗ p̂2 + ε(p̂1 ⊗ q̂2 + p̂2 ⊗ q̂1) (4c)
Cross product: σ̃1 � σ̃2 = p̂1 � p̂2 + ε(p̂1 � q̂2 + q̂1 � p̂2) (4d)

Conjugate: σ̃∗ = p̂∗ + ε q̂∗ (4e)

Norm: ‖σ̃‖ =
√
σ̃ ⊗ σ̃∗ (4f)

B. Definition of Coordinate Frames
To describe the motion of spacecraft in the entry phase, the following five coordinate frames are defined as below:

1. Inertial Coordinate Frame I −OI XIYI ZI : The origin OI locates at the center of Mars, OI ZI points to the North
Pole direction. OI XI and OIYI are in the Equatorial plane and determined by the right-hand rule.
2. Mars-fixed Coordinate Frame M −OM XMYM ZM : The origin OM locates at the center of Mars, and the M frame
rotates with Mars. Here we assume that the rotation of Mars is ignored. Thus M frame will coincide with I frame.
3. Vehicle-pointing Coordinate Frame P −OPXPYPZP: The origin OP locates at the center of Mars, and the XP

axis-positive is in the direction of position vector ®r ; YP axis locates in the equatorial plane, vertical to XP axis and
pointing to the East; ZP axis is perpendicular to the XP − YP plane with positive determined by the right-hand rule.
4. Body Coordinate Frame B −OBXBYBZB: The origin OB locates at the vehicle’s center of gravity, XB axis-positive
points the nose of the aircraft in the plane of symmetry of the landing vehicle; ZB axis is perpendicular to the XB axis,
in the plane of symmetry of the spacecraft, positive upon the aircraft; YB axis is perpendicular to the XB − ZB plane
with positive determined by the right-hand rule.
5. Wind Coordinate Frame W − OW XWYW ZW : The origin OW locates at the gravity center, YW axis-positive is
in the direction of the velocity vector of the craft relative to the air; XW axis positive is in the same direction as the
projection of the lift force on the plane determined by XP and velocity of the vehicle, ZW axis is perpendicular to the
XW − YW plane with positive determined by the right-hand rule.

Fig. 1 Coordinate Frames Definition

In addition, in this paper, we make the following two assumptions:

Assumption II.1. Since the entry phase is operated in a relatively short duration (compared with Mars day), the
rotation of Mars is ignored.

Assumption II.2. The aerodynamic center can be regarded as fixed on the vehicle at low angles of attack.
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C. Equation of Motion based on Dual Quaternions

1. 6-DoF Kinematics
We use the following dual quaternion components to denote the rotation and translation between Mars frame M

and body frame B

q̃ =

[
q̂r

q̂d

]
=

[
q̂r

1
2 t̂M ⊗ q̂r

]
, (5)

where q̂d ∈ H denotes a translation t̂M ∈ H, expressed in the Mars frame M , followed by a rotation q̂r ∈ H with
‖q̂r‖ = 1. Accordingly, the time derivatives of the dual quaternion elements can be written as

Û̃q =
1
2

q̃ ⊗ w̃, (6)

where w̃ = [ω̂, v̂M ] ∈ Q, and ω̂, v̂M are pure quaternions representing the angular velocity and the linear velocity of the
vehicle, respectively.

2. 6-DoF Dynamics
In the entry phase, the dynamics is expressed as

d
dt
(mvB) = mÛvB + ωB × mvB = gB + FB, (7a)

d
dt
(JωB) = J ÛωB + ωB × mωB = rw × FB +MB, (7b)

where ωB ∈ R
3 is the projection of angular velocity of the vehicle on the body frame, vB ∈ R

3 is the projection of
velocity on the body frame, m denotes the mass of the vehicle, rw ∈ R3 denotes the constant body-frame vector from the
vehicle’s center of mass to the aerodynamic center, FB ∈ R

3 represents the aerodynamic forces expressed in body frame,
gB ∈ R

3 is the gravity expressed in the body frame, J ∈ R3×3 represents the general inertia matrix of the entry vehicle,
and MB = [Mx,My,Mz]

T ∈ R3 is the vector of moments that are treated as controls. Combining the two equations
above, we can rewrite the dynamics using dual quaternions

Jd Û̃w + w̃ � Jdw̃ = ΦF̃B + G̃B + M̃B, (8)

where

Jd =


04×4 mI4

1 01×3

03×1 J
04×4

8×8

∈ R8×8, Φ =


08×5

I3

01×3

rw
01×3

8×8

∈ R8×8, F̃B =


04×1

0
FB

8×1

∈ Q,

G̃B =


0

gB

04×1

8×1

∈ Q, M̃B =


04×1

0
MB

8×1

∈ Q.

Here, In is the n-dimensional identity matrix. Based on the definition of coordinate frames, the gravity and aerodynamic
forces can be easily described in the vehicle-pointing frame P and the wind frame W , respectively. Specifically, the
dual quaternion of gravity force in P is written as

G̃P = [01×4, 0,−mg,0,0]T ∈ Q, (9)

where g ∈ R is the gravitational acceleration. Then, we have the relationship between G̃P and G̃B, expressed as

G̃B = q̃∗pb ⊗ G̃P ⊗ q̃pb, (10)
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where q̃pb ∈ Q denotes the rotation and translation from P to B frame. Similarly, the dual quaternion of the
aerodynamic forces in the wind frame W can be written as

F̃W = [01×4, 0,−D,0, L]T = [01×4, 0,−
1
2

cDρSV2,0,
1
2

cLρSV2]T ∈ Q, (11)

where ρ ∈ R is the Mars atmosphere density, L ∈ R and D ∈ R are the lift and drag forces, S ∈ R is the reference area,
V ∈ R is the velocity magnitude, and cL ∈ R, cD ∈ R respectively denote the lift and drag coefficients of the vehicle.
Moreover, cL and cD are linear and quadratic functions of angle of attack α, expressed as

cL = cl0 + cl1α, cD = cd0 + cd1α + cd2α
2, (12)

where cl0, cl1, cd0, cd1, cd2 are constant coefficients. Similar to (10), we have

F̃B = q̃bw ⊗ F̃W ⊗ q̃∗bw ∈ Q, (13)

where q̃bw ∈ H denotes the dual quaternion from B to W frame, which is defined as

q̃bw =

[
q̂bw

1
2 r̂w ⊗ q̂bw

]
, (14)

where r̂w ∈ H is a pure quaternion expressed as r̂w = [0,rw]. In fact, all four components in quaternion q̂bw are
determined by two rotational angles (α, β), expressed as

q̂bw =

©­­­­«
qbw1

qbw2

qbw3

qbw4

ª®®®®¬
=

©­­­­«
cos α2 cos β2
sin α

2 cos β2
cos α2 sin β

2
− cos α2 sin β

2

ª®®®®¬
, (15)

where β is the side-slip angle. Then, F̃W can be expressed with respect to the dual angular velocity w̃, written as

F̃W =
1
2

SρV2
Ω



04×1

0
−cD

0
cL


=

1
2

Sρ‖Aw̃‖2Ω, (16)

where

A =

[
04×4 04×4

04×4 I4

]
8×8

∈ R8×8, Ω =



04×4 04×4

04×4

0 0 0 0
0 −cD 0 0
0 0 0 0
0 0 0 cL

8×8

∈ R8×8.

D. Operational and Mission Constraints
For safe operation, specific operational and mission constraints during the entry phase are considered, including
1) Stagnation-point convective heating load constraint

ÛQ = kQ

√
ρ

Rnose
V3.15 ≤ ÛQmax, (17)

where Rnose ∈ R is the nose radius of the vehicle, kQ ∈ R is a constant depending on the composition of the
Martian atmosphere, ÛQmax ∈ R denotes the allowable peak heating rate. This inequality constrains the heating
rate at a stagnation point on the surface of the vehicle with a curvature radius Rnose [5].
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2) Normal load constraint

‖F̂W ‖ =
√

L2 + D2 ≤ nmax, (18)

where nmax ∈ R is the allowable normal load on the surface of the entry vehicle.
3) Upper and lower bounds of controls

ML
x ≤ Mx ≤ MU

x , ML
y ≤ My ≤ MU

y , ML
z ≤ Mz ≤ MU

z . (19)

E. Additional Constraints
According to (5), the dual quaternion q̃ can be divided into two parts q̂r and q̂d, where q̂r represents the rotation

from M frame to B frame. Here we introduce q̂mp ∈ H to represent the rotation from M frame to P frame, and
q̂pb ∈ H to represent the rotation from P frame to B frame. Then according to Euler’s rotation theorem, we have

q̂mp ⊗ q̂pb = q̂r. (20)

Next we try to find the constraints on q̂mp based on the expression of t̂M , which can be expressed as t̂M = [0, tM ]. Here,
tM ∈ R3 is the vector from the origin of M frame to the origin of B frame projected on the M frame, and it can be
expressed as tM = [tM1, tM2, tM3 ]

T . According to (5), t̂M can be written as

t̂M = 2q̂d ⊗ q̂∗r . (21)

Alternatively, when projecting t̂M on the P frame, we can obtain t̂P = [0,r,0,0]T ∈ H, where r ∈ R is the radial
distance between the vehicle and the center of Mars. With (21) and q̂mp, we have

t̂M = q̂mp ⊗ t̂P ⊗ q̂∗mp. (22)

Thus, combining (21) and (22), we can obtain r = ‖2 · q̂d‖.

Proposition II.3. The dynamical system defined in (5)-(16) and (20)-(22) is self-contained. That is, it can be written in
the form Ûx = f (x), where x ∈ Rn includes all unknown state variables.

Proof. It is obvious that q̃, w̃, F̂B, ĜB, q̂pb, t̂M , and q̂bw can all be updated by constraints (5)-(16) and (20)-(22). We
only have to show that q̂mp can also be updated based on q̃, w̃, F̂B, ĜB, q̂pb, t̂M , and q̂bw. From (22), it holds that

©­­­­«
0

tM1

tM2

tM3

ª®®®®¬
=q̂mp ⊗ t̂P ⊗ q̂∗mp =

©­­­­«
qmp1

qmp2

qmp3

qmp4

ª®®®®¬
⊗

©­­­­«
0
r
0
0

ª®®®®¬
⊗

©­­­­«
qmp1

−qmp2

−qmp3

−qmp4

ª®®®®¬
=

©­­­­«
0

r(q2
mp1
+ q2

mp2
− q2

mp3
− q2

mp4
)

2r(qmp1 qmp4 + qmp2 qmp3 )

2r(qmp2 qmp4 − qmp1 qmp3 )

ª®®®®¬
. (23)

Since q̂mp is determined by the longitude θ ∈ R and latitude φ ∈ R. Then q̂mp can be written as

q̂mp =

©­­­­«
cos θ2 cos φ2
sin θ

2 cos φ2
sin θ

2 sin φ
2

− cos θ2 sin φ
2

ª®®®®¬
(24)

Substituting (24) into (23), we can obtain the relationships below

tM1 = r cos φ, tM2 = −r cos θ sin φ, tM3 = −r sin θ sin φ. (25)

Then φ and θ can be determined by

φ = arccos( tM1
r ), θ = arccos(− tM2

r cosφ ). (26)

With given θ and φ, q̂mp is determined accordingly.
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F. Formulation of the Optimal Guidance Problem
In this subsection, we organize the above constraints during the entry guidance and formulate the guidance problem

as an optimal control problem. The objective is to minimize the terminal velocity magnitude within a specified altitude
range. Combining all constraints, the optimal control problem for entry phase guidance is formulated as

min
Mx ,My ,Mz ,t f

‖Aw̃(t f )‖, (27)

subject to Û̃q =
1
2

q̃ ⊗ w̃,Jd Û̃w + w̃ � Jdw̃ = ΦF̃B + G̃B + M̃B,

G̃P = [01×4, 0,−mg,0,0]T , G̃B = q̃∗pb ⊗ G̃P ⊗ q̃pb,

F̃B = q̃∗wb ⊗ F̃W ⊗ q̃wb, F̃W =
1
2
ρS‖Aw̃‖2Ω, q̃ = q̃mp ⊗ q̃pb,

cD = cd0 + cd1α + cd2α
2, cL = cl0 + cl1α,

ÛQ = kQ

√
ρ

Rnose
V3.15 ≤ ÛQmax, ‖FW ‖2 ≤ nmax,

ML
x ≤ Mx ≤ MU

x , ML
y ≤ My ≤ MU

y , ML
z ≤ Mz ≤ MU

z ,

q̃(t0) = q̃0, w̃(t0) = w̃0, RL
f ≤ ‖q̃(t f )‖ ≤ RU

f ,

where t0, t f are respectively the starting and final time of the entry phase, RL
f and RU

f
are respectively the lower and

upper bounds for the terminal radial distance.

III. Equivalence between Dual Quaternion based Model and Euler Angle based Model
Since the dual quaternion based entry kinematics and dynamics is the first time introduced for entry guidance, we

will demonstrate the equivalence between the dual quaternion based model and the traditional Euler angle based Model.

A. Entry Translational Motion based on Euler Angle
The dimensionless equations of motion based on Euler angles for the entry phase are expressed as

Ûr = V sin(γ), (28a)

Ûθ =
V cos γ cosψ

r cos φ
, (28b)

Ûφ =
V cos γ sinψ

r
, (28c)

ÛV = −D −
V sin γ

r2 , (28d)

Ûγ =
1
V
(L cosσ + (V2 −

1
r
)
cos γ

r
), (28e)

Ûψ =
L sinσ
V cos γ

−
V cos γ cosψ tan φ

r
(28f)

where γ ∈ R and ψ ∈ R represent flight-path angle and heading angle, σ ∈ R is the bank angle to be controlled. In this
model, the rotation of the vehicle is not taken into consideration. Thus, we will present the equivalence between the
translation part of the dual quaternion based model in (6)-(8) and the Euler angle based model in (28).

B. Equivalence of Translational Kinematics
In this section, from the dual quaternion expressions, we will demonstrate the equivalence entry motion kinematics

based on Euler angles. We start with finding the connections between q̂d, t̂M , v̂M and θ, φ, γ, ψ, r, V . In the vehicle
pointing frame, we have t̂P = [0,r,0,0]T . Thus, t̂M can be expressed as:

t̂M = [0,r cos φ cos θ,r cos φ sin θ,r sin φ]T . (29)
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Recall that in the wind frame W , the velocity of a vehicle in the quaternion form is denoted by v̂W = [0,0,V,0]T , we
then have

v̂M = q̂(θ, φ) ⊗ q̂(ψ,γ) ⊗ v̂W ⊗ q̂∗(ψ,γ) ⊗ q̂∗(θ, φ) (30)

From (29), t̂M can be obtained from

Û̂tM =
©­­­­«

0
Ûr cos φ cos θ − Ûφr sin φ sin θ − Ûθr cos φ sin θ
Ûr cos φ sin θ − Ûφr sin φ sin θ + Ûθr cos φ cos θ

Ûr sin φ + Ûφr cos φ

ª®®®®¬
=

(
0
ÛtM

)
. (31)

Since ÛtM = vM , we have

q̂∗(θ, φ) ⊗ Û̂tM ⊗ q̂(θ, φ) =q̂(ψ,γ) ⊗ v̂W ⊗ q̂∗(ψ,γ) =
©­­­­«

0
V sin γ

V cos γ cosψ
V cos γ sinψ

ª®®®®¬
. (32)

Also note that

q̂∗(θ, φ) ⊗ Û̂tM ⊗ q̂(θ, φ) =

(
0

Ry(φ)RT
z (θ)ÛtM

)
=

©­­­­«
0
Ûr

Ûθr cos φ
Ûφr

ª®®®®¬
, (33)

where Ry(φ) =
©­­«

cos φ 0 sin φ
0 1 0

− sin φ 0 cos φ

ª®®¬, RT
z =

©­­«
cos θ sin θ 0
− sin θ cos θ 0

0 0 1

ª®®¬ . According to the equivalence between (32) and (33),

we have Ûr = V sin γ, Ûθ = V cosγ cosψ
r cosφ , Ûφ = V cosγ sinψ

r . By this step, we verify the equivalence of kinematics based on
dual quaternions and Euler angle expressions.

C. Equivalence of Translational Dynamics
When considering force elements in different frames, (7a) can be written in different forms. For example, the most

convenient way to write the relative velocity is in the wind frame, i.e., v̂W = [0,V,0,0]T , while the simplest way to
express the angular velocity term is in the Inertia frame or Mars frame, i.e., ω̂I = [0,0,0,0]T ∈ H. Considering the
relationships between different frames, we select the vehicle pointing frame P to express all forces. Then in frame P ,
we have

d
dt
(mvP) = mÛvP + ωP × mvP = gP + FP, (34)

where FP = LP +DP ∈ R
3. To verify the equivalence of dynamics between quaternion and Euler angle expressions, we

will find each force component expressed in frameP . In thewind frameW , the lift force L̂W = [0, L cosσ,0, L sinσ]T ∈
H is perpendicular to the velocity vector vW . The direction of the drag is in the opposite direction of the velocity vector,
i.e., D̂W = [0,0,−D,0]T ∈ H. We can obtain F̂W = [0, L cosσ,−D, L sinσ]T ∈ H and F̂P ∈ H is expressed as

F̂P = q̂(ψ,γ) ⊗ F̂W ⊗ q̂∗(ψ,γ) =


0©­­«

1 0 0
0 cosψ − sinψ
0 sinψ cosψ

ª®®¬
©­­«

cos γ sin γ 0
− sin γ cos γ 0

0 0 1

ª®®¬
©­­«
L cosσ
−D

L sinσ

ª®®¬

. (35)
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In the P frame, the gravity force can be expressed as ĝP = [0,−mg,0,0]T . The velocity vector vP can be written as in
the quaternion form

v̂P = [0,V sin γ,V cos γ cosψ,V cos γ sinψ]T . (36)

If we ignore the self rotation of Mars, the angular velocity of the vehicle-pointing system ω̂P is its angular velocity with
respect to Mars, which is determined by

ω̂P =

©­­­­«
0©­­«

cos φ 0 − sin(−φ)
0 1 0

sin(−φ) 0 cos φ

ª®®¬
©­­«
0
0
Ûθ

ª®®¬
ª®®®®¬
+

©­­­­«
0
0
− Ûφ

0

ª®®®®¬
=

©­­­­«
0
Ûθ sin φ
− Ûφ

Ûθ cos φ

ª®®®®¬
, (37)

With relationships derived in (34)-(37), substituting the corresponding terms in (28b), (28c), and(28e) leads to the
following three equations

L cos γ cosσ − D sin γ − mg

m
= ÛV sin γ + V cos γ · Ûγ −

V2 cos2 γ

r
; (38)

−L sin γ cosψ cosσ − L sinψ sinσ − D cos γ cosψ
m

= ÛV cos γ cosψ − V sin γ cosψ · Ûγ − V cos γ sinψ · Ûψ

+
V2 sin γ cos γ cosψ

r
−

V2 cos2 γ sinψ cosψ tan φ
r

; (39)

−L sin γ sinψ cosσ + L cosψ sinσ − D cos γ sinψ
m

= ÛV cos γ sinψ − V sin γ sinψ · Ûγ + V cos γ cosψ · Ûψ

+
V2 sin γ cos γ sinψ

r
+

V2 cos2 γ cos2 ψ tan φ
r

. (40)

Let (39)· cosψ+(40)· sinψ, we have

−L sin γ cosσ − D cos γ
m

= ÛV cos γ − V sin γ · Ûγ +
V2 sin γ cos γ

r
. (41)

Let (38)· sin γ+(41)· cos γ, we have

−D − mg sin γ
m

= ÛV . (42)

Substituting (42) into (41), it follows

Ûγ =
1
V
(
L cosσ

m
+ (V2 − gr)

cos γ
r
). (43)

Substituting (42) and (43) into (40), we obtain

Ûψ =
L sinσ

mV cos γ
−

V cos γ cosψ tan φ
r

. (44)

Then, let r,V, t be normalized by Rm,
√
g0Rm,

√
Rm/g0, respectively. L and D are normalized by mg0. Here, Rm is the

radius of Mars and g0 is the gravitational acceleration on Mars. Then, the dimensionless equation of motion in (28) can
be obtained by substituting the normalized r,V, t, L and D in to (42)-(44). By this step, we verify the equivalence of
dynamics based on dual quaternions and Euler angle expressions.
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IV. Formulation Conversion and Framework of Customized ADMM

A. Discretization and Conversion into QCQP
In the dual quaternion based entry guidance problem formulated in (27), most constraints are formulated as

quadratic functions, except those involving non-polynomial terms, including the exponential terms in the heating load
constraint and the atmosphere density model. These non-polynomial functions will be approximated by high order
polynomials with acceptable fitting errors. Specifically, the nonlinear atmosphere density is approximated using a
six-order polynomial with the maximum error of 1e-4, expressed as

ρ =

n=6∑
i=0

pihi, (45)

where pi, i = 0, · · · ,6 are the fitting coefficients, and h = (r − Rm) = ‖q̃‖ − Rm is the altitude. For the heating rate
bound constraint in (17), it can be rewritten as

V ≤ 3.15

√
ÛQmax

kQ
√
ρ/Rnose

:= Vmax. (46)

Similarly, Vmax can be approximated by a fourth-order polynomial function,

Vmax =

n=4∑
i=0

uihi, (47)

where ui, i = 0, · · · ,4 are the fitting coefficients.
Through the approximations in (45) and (47), the entry guidance problem in (27) can be reformulated as a polynomial

optimal control problem. According to [18], a polynomial optimal control problem can be converted into a polynomial
programming problem via discretization techniques. Then, by introducing extra variables and quadratic constraints, it
can be equivalently reformulated as a homogeneous QCQP. The general expression of QCQP is written as

min
x∈Rn

xTQ0x (48)

subjecto to xTQix = ci, i ∈ E

xTPjx ≤ dj, j ∈ I

where x ∈ Rn is the unknown vector to be determined, Q0 ∈ R
n×n, Qi ∈ R

n×n, i ∈ E, and Pj ∈ R
n×n, j ∈ I are real

systematic matrices which are unnecessary to be positive semidefinite. E and I are the indices sets of equality and
inequality constraints, respectively. Due to the indefiniteness of Qi or Pj , problem (48) is generally nonconvex and
NP-hard to solve. In the following, a customized ADMM, which was proposed in our previous work [7], will be applied
to solve the resulting nonconvex QCQP. To keep this paper complete, the framework of the customized ADMM proposed
in [7] is briefly described below.

B. Framework of Customized ADMM
In order to solve the resulting QCQP in (48), we first transform it into a consensus-constrained optimization problem

formulated as

min
x,y

xTQ0y (49)

subjecto to xTQiy = ci, i ∈ E

xTPjy ≤ dj, j ∈ I

x = y.

Let ν ∈ Rn, µ ∈ R |E | , λ ∈ R |I | be the Lagrange multipliers associated with the consensus constraint, equality constraints,
and inequality constraints in (49), respectively. The augmented Lagrangian for (49) can be written as

Lp(x,y,Λ) = xTQ0y + νT (x − y) +
ζ1
2
‖x − y‖2
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+
∑
i∈E

(
µi(xTQiy − ci) +

ζ2
2
‖xTQiy − ci ‖2

)
+

∑
j∈I

fζ3 (λj,x
TPjy − dj), (50)

where f is a logical function defined in [7], p = [ζ1, ζ2, ζ3] is the collection of the penalty coefficients associated with
the augmented terms. By employing the classical ADMM framework to solve (49), the variables x, y and the Lagrange
multipliers Λ at step (k + 1) can be updated as follows

xk+1 = arg min
x
Lpk (x,yk,Λk) (51a)

yk+1 = arg min
y
Lpk (xk+1,y,Λk) (51b)

νk+1 = νk + ζk1 (x
k+1 − yk+1) (51c)

µk+1
i = µki + ζ

k
2 ((x

k+1)TQiyk+1 − ci), ∀i ∈ E (51d)

λk+1
j = max{0, λkj + ζ

k
3 ((x

k+1)TPjyk+1 − dj)}, ∀ j ∈ I (51e)

where each penalty coefficient in pk is chosen as a non-decreasing positive sequence. The updates of Lagrange
multipliers in (51) are straightforward. However, the updates of x and y require to solve two sequences of convex
quadratic optimization problems. For the x-update, (50) is a strongly convex function when y = yk and Λ = Λk are
given. Thus, the global optimum of the sequential subproblem (51a) can be derived from the first-order optimality
conditions of (50), written as

∂Lpk (x,yk,Λk)

∂x
= Q0yk + νk + ζk1 (x − yk) +

∑
i∈E

(
µki Qiyk + ζk2 (x

TQiyk − ci)Qiyk
)

+
∑
j∈I

Γx
k
j (λ

k
j Pjyk + ζk3 (x

TPjyk − dj)Pjyk)

= 0, (52)

where Γxkj , j ∈ I, is a logical function associated with the inequality constraint j at kth step, which is defined as

Γx
k
j =

{
0, λkj + ζ

k
3 ((x

k)TPjyk − dj) ≤ 0,
1, λkj + ζ

k
3 ((x

k)TPjyk − dj) > 0.
(53)

By solving (52), we can find the close-form solution of the x-update, expressed as

xk+1 = (Ak
x)
−1bk

x, (54)

where Ak
x and bk

x are defined as

Ak
x = ζ

k
1 I +

∑
i∈E

ζk2 (Qiyk)(Qiyk)T +
∑
j∈I

Γx
k
j ζ

k
3 (Pjyk)(Pjyk)T (55a)

bk
x = −Q0yk − νk + ζk1 yk −

∑
i∈E

((µki − ζ
k
2 ci)Qiyk) −

∑
j∈I

(Γx
k
j (λ

k
j − ζ

k
3 di)Pjyk) (55b)

where Ak
x is a positive definite matrix when elements in pk are all positive. Similarly, with the given xk+1 and Λk , the

close-form solution of the sequential subproblem (51b) for y-update can be obtained from

yk+1 = (Ak
y)
−1bk

y, (56)

where

Ak
y = ζ

k
1 I +

∑
i∈E

ζk2 (Qixk+1)(Qixk+1)T +
∑
j∈I

Γy
k
j ζ

k
3 (Pjxk+1)(Pjxk+1)T , (57a)
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bk
y = −Q0xk+1 + νk + ζk1 xk+1 −

∑
i∈E

((µki − ζ
k
2 ci)Qixk+1) −

∑
j∈I

(Γy
k
j (λ

k
j − ζ

k
3 di)Pjxk+1), (57b)

Γy
k
j =

{
0, λkj + ζ

k
3 ((x

k+1)TPjyk − dj) ≤ 0;
1, λkj + ζ

k
3 ((x

k+1)TPjyk − dj) > 0.
(57c)

With the analytical solutions in (54) and (56) derived for subproblems (51a) and (51b), the customized ADMM for
nonconvex QCQPs in (48) is summarized in Algorithm 1.

Algorithm 1 Customized ADMM for nonconvex QCQP in (48)
Input: Q0, Qi, ci, i ∈ E, Pj, dj, j ∈ I, and constant parameters β, τ, ε
Output: Unknown vectors x and y
Initialization: x0,y0,Λ0 and penalty coefficients p0

1: for k = 0,1,2, ... do
2: Calculate the logical function Γxkj with xk, yk, Λk ;
3: xk+1-update using (54) with yk, Λk ;
4: Calculate the logical function Γykj with xk+1, yk, Λk ;
5: yk+1-update using (56) with xk+1,Λk ;
6: Update Lagrange multipliers Λ using (51c), (51d), and (51e) with xk+1 and yk+1;
7: Penalty coefficients updates;

8: Calculate the error vector ξ = [ ‖x
k+1−yk+1 ‖
‖xk+1 ‖

,

∑
i∈E
‖(xk+1)T Qiyk+1−c‖

‖c‖ ,

∑
j∈I
( ‖Γx

k
j ‖+‖Γy

k
j ‖)

2 ]

9: if ‖ξ ‖1 ≤ ε then
10: break;
11: end if
12: k = k + 1
13: end for

V. Simulations
In this section, we present simulation results of the dual-quaternion based entry guidance problem solved by the

customized ADMM algorithm and the comparative results of the Euler angle based model using NLP solver. All
simulations were run in MatLab environments on a 3.6GHz Desktop with 32 GB RAM.

A. Problem Settings
The simulation presented here uses the Hypersonic Inflatable Aerodynamic Decelerator (HIAD) in [8] as the landing

vehicle. As shown in Fig. 2, HIAD has a symmetric shape without back shell covers. The payload is protected by a
large diameter heatshield. Thus, the angle of attack and side-slip angle ranges are limited by −20◦ ≤ α ≤ 20◦ and
−20◦ ≤ β ≤ 20◦ to avoid flow impingement and radiative heating effects on the payload at high angles of attack. In
addition, the lift and drag coefficients of the vehicle cL, cD are obtained from [19]. The parameters of the vehicle are
listed below:

m = 51,099 kg, S = π
202

4
m2, J = diag(4.3799e5,3.9857e5,3.9857e5) kg ·m2,rw = [−1,0,0]T ,

cd0 = 1.556, cd1 = −0.004114, cd2 = −1.182, cl0 = −0.003636, cl1 = −0.7813,

kQ = 1.9027 × 10−8 × (
√

Rmg0)
3.15, Qmax = 800W/cm2, RL

f = Rm + 7km, RU
f = Rm + 12km, (58)

nmax = 2.5gE, gE = 9.8m/s2, g0 = 3.7114m/s2.ML
x = −413 N ·m, MU

x = 413 N ·m,
ML

y = −2388100 N ·m, MU
y = 2388100N ·m, ML

z = −1412100 N ·m, MU
z = 1412100N ·m

Meanwhile, the initial states of the entry mission are given as

h(t0) = 100km, V(t0) = 4700 m/s, θ(t0) = 120◦, φ(t0) = 40◦, γ(t0) = 12.9◦, ψ(t0) = 0,
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Fig. 2 Hypersonic Inflatable Aerodynamic Decelerator in [8]

σ(t0) = −30◦, α(t0) = 17◦, β(t0) = −10◦, ωx(t0) = ωy(t0) = ωz(t0) = 0 rad/s.

where ωx, ωy and ωz are the angular velocities along x-, y-, z-axes, respectively. Note that the attitude angles, roll, pitch,
and yaw, are determined from α and β. Then the initial states of dual quaternions q̃(t0) and ω̃(t0) can be calculated via
(15)-(24) accordingly.

B. Simulation Results
By discretizing the entry phase trajectory into 31 intervals, it takes 49 iterations and 31 seconds for the customized

ADMM to obtain a converged result. In comparison, it takes the NLP solver 255 iteration and 133 seconds to obtain
a converged solution. The computational time from the ADMM used to solve dual quaternion based entry guidance
problem significantly reduces the computational time. The optimized control and state variables are shown in Figs. 3
and 4, respectively. Obviously, the durations of the entry phase from the NLP and the ADMM are very close, namely
238.3 seconds for the NLP and 234.2 seconds for the ADMM. From Fig. 3, we know that though My from the NLP
and the ADMM solutions have similar curves, Mx and Mz curves are different. Mx of the NLP solution switches
between the upper and lower bounds frequently, whereas Mx of the ADMM solution is close to zero. Moreover, since
rw = [−1,0,0]T , there is no aerodynamic moment along x-axis. Thus, My and Mz have large peak values than Mx .

Figure 4a shows the altitude versus velocity curve, where the red-circle curve represents the solution from the
ADMM, and the blue-star curve represents the NLP solution. The final velocity of the NLP solution is 344.7 m/s at
an altitude of 7.016 km. However, the terminal velocity of the ADMM solution is 368 m/s at an altitude of 6.998km,
which is slightly larger than the final velocity of the NLP solver. Additionally, both of these two curves are touching the
heating rate bound at an altitude of about 45 km. Figure 4b presents time histories of α and β. Obviously, in the NLP
solution, α switches between 0 and 20◦, but α of the ADMM solution varies around 15◦ and reaches the upper bound
20◦ at the end of the entry phase. The side slip angle β from the ADMM solution smoothly changes from −10◦ to
11.29◦, whereas β from the NLP switches between upper and lower bound dramatically. Similar observations are found
for bank angle in Fig. 4c, as well as pitch, yaw, roll angles in Fig. 4d. Figure 4e shows the 3 dimensional trajectories
of the NLP and the ADMM solutions. It can be found that the trajectories are almost overlapped at the range of high
altitudes varying from 100 km to 60 km and bifurcating at around 60 km. At the end of the entry phase, the terminal
latitude and longitude of the ADMM solution are 39.16◦ and 131.40◦. The changes of latitude and longitude from the
ADMM solution are larger than those from the NLP solution.

VI. Conclusions
This paper examines the six-degree-of-freedom (6-DoF) entry guidance problem that considers both translation

and rotation motion. Instead of using Euler angles based dynamics, unit dual quaternion is employed to represent
rigid body dynamics to reduce the non-linearity and avoid the singularity of the rotational matrix. Moreover, the
equivalence between the dual quaternion based model and Euler-angle based model is analyzed. Then, combining the
dual quaternion based dynamics and constraints on control and states, the 6-DoF entry guidance problem is formulated
as a polynomial programming problem, which is then equivalently converted into a nonconvex quadratically constrained
quadratic program (QCQP). A customized alternating direction method of multipliers is applied to solve the resulting
QCQP with a convergence guarantee. Comparative simulation results are provided to validate the effectiveness of the
dual quaternion based model compared to the Euler angle based model. Furthermore, the comparison also shows the
improved computational efficiency of the customized ADMM algorithm in solving the entry guidance problem.
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Fig. 3 Optimized controls Mx,My and Mz from NLP and ADMM
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